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Abstract In this paper, a negative velocity feedback
is added to a dynamical system which is represented
by second-order nonlinear differential equations hav-
ing quadratic coupling, quadratic, and cubic nonlinear-
ities. The system describes the vibration of the sys-
tem subjected to multi-parametric excitation forces.
The method of multiple scale perturbation technique is
applied to obtain the response equation near the simul-
taneous internal and super-harmonic resonance case of
this system. The stability to the system is investigated
applying frequency response equations. The numeri-
cal solution and the effects of some parameters on the
vibrating system are investigated and reported. The
simulation results are achieved using MATLAB 7.0
program. A comparison is made with the available pub-
lished work.
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1 Introduction

The vibration of a dynamical system motion can be
reduced applying active controller or passive controller.
The study of two-degree-of-freedom systems has not
received much attention. The response of a two-degree-
of-freedom system with quadratic coupling under a
modulated amplitude sinusoidal excitation is inves-
tigated for different system motion [1,2]. Nonlinear
dynamics has many technical applications [2—4]. The
stability properties, bifurcations, jump phenomena in
systems, such as off-shore structures, railroad wheel
sets, and aircraft are appeared in Refs. [5-10].

Kim et al. [11] investigated the resonances that
arise from the synergistic effects of multi-frequency
parametric excitation and single-frequency external
excitation in a single-degree-of-freedom plate with a
cubic nonlinearity, subjected to combine parametric
and external excitations. Roy and Chatterjee [12] stud-
ied small vibrations of cantilever beams contacting a
rigid surface, where the non-contacting length varies
dynamically. It was indicated that the phase relation-
ships of the external and each parametric excitation
source have significant effect on the resulting response
amplitude. El-Badawy and Nayfeh [13] used two sim-
ple control laws based on linear velocity and cubic
velocity feedback to suppress the high-amplitude vibra-
tions of a structural dynamic model of the twin-tail
assembly of an F-15 fighter when subjected to primary
resonance excitations. Eissa and Amer [14] controlled
the vibration of a second-order system simulating the
first mode of a cantilever beam subjected to primary and
sub-harmonic resonance using cubic velocity feedback.

EL-Bassiouny [15] made an investigation into the
control of the vibration of the crankshaft in internal-
combustion engines subjected to both external and
parametric excitations via an absorber having both
quadratic and cubic stiffness nonlinearities. Belhaq
and Houssni [16] investigated the control of chaos of
the one-degree-of-freedom system with both quadratic
and cubic nonlinearities subjected to combine paramet-
ric and external excitations. Several control methods
leading to suppression of chaos have been presented.
Sorokin and Ershov [17] applied active control to the
resonant vibrations of a rectangular sandwich plate per-
formed by the parametric stiffness modulation. Pai et
al. [18] designed new nonlinear vibration absorbers
using higher order internal resonances and saturation
phenomena to suppress the steady-state vibrations of a
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linear cantilevered skew aluminum plate subjected to
single external force. Higher order internal resonances
are introduced using quadratic, cubic, and/or quartic
terms to couple the controller with the plate. The dis-
placement and velocity feedback signals are consid-
ered. Yaman and Sen [19] studied the problem of sup-
pressing the vibrations of anonlinear system with a can-
tilever beam of varying orientation subjected to para-
metric and direct excitation. They applied the cubic
velocity feedback to the system to reduce the ampli-
tudes of the system.

Lei et al. [20] applied an active control technique to
coordinate a kind of two parametrically excited chaotic
system. Oueini and Nayfeh [21] modeled the dynamics
of the first mode of a cantilever beam with a second-
order nonlinear ordinary differential equation subjected
to a principal parametric excitation, and a control law
based on cubic velocity feedback is introduced. Pai
and Schulz [22] studied the control of the first mode
vibration of a stainless steel beam through negative
velocity feedback to the dynamic system. Amer and
El-Sayed [23] investigated the nonlinear dynamics of a
two-degree-of-freedom vibration system with nonlin-
ear absorber when subjected to multi-external forces
at primary and internal resonance with ratio 1:3. They
reported that the steady-state amplitude of the main sys-
tem is reduced to 2.5 % of its maximum value. Eissa
et al. [24] and Amer et al. [25,26] studied the nonlin-
ear dynamics of two-degree-of-freedom vibrating sys-
tem using multiple time scale perturbation up to the
second-order approximation. They reported that how
the active vibration control is effective at different res-
onance cases of the system.

In the present paper, second-order nonlinear dif-
ferential equations of a dynamical system having
quadratic coupling, quadratic, and cubic nonlineari-
ties subjected to multi-parametric excitation forces is
considered and solved. The method of multiple time
scale perturbation [27] is applied to solve the nonlin-
ear differential equations describing the controlled sys-
tem up to second-order approximations. In this system,
we added active controller via negative linear velocity
feedback to the system. The behavior of the system
is studied applying Runge—Kutta fourth-order method.
The stability of the system is investigated applying both
frequency response equations and phase-plane method.
The resonance cases and effects of different parameters
of the system are studied numerically. A comparison is
made with the available published work.
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2 Mathematical investigation

In this paper, we consider a nonlinear dynamical system
subjected to multi-parametric excitations. The system
can be written as

X1+ w%xl + 2eu1x1 + 80[1)613 + 80[2)612 + ea3xixo

N
=ex1 »_ Fjcos jQt + Ry, (1)
j=1
X2 + w%xz + 2em0ax) + 8,31)6% + 8,32)622

N
=¢&xp Z Pjcos jQt + Ry, 2)
j=1

where R| = —¢Gx1 and Ry = —&Gpx, are the con-
trol forces which added to the modes of the system.

Approximate solutions of nonlinear Egs. (1) and
(2) are obtained applying the multiple scales method,
assuming x| and x; in the form

xi(e; 1) = x10(To, T1) + ex11(To, T1) + O,  (3)
x2(e5 1) = x20(To, T1) + ex21(To, T1) + O(%),  (4)

where T, = ¢"t (n =0, 1).
The derivatives will be in the form

%=D0+8D1+~-, 5)
d? )

@=D0+28D()D1—|—-~-, (6)
whereD,,_aaT, n=0,1,2

Substituting from Egs. (3) and (4) into Egs. (1) and
(2) and equating the same power of ¢, we have

% (D3 +wh)x10=0, (N
(D§+@3)x20=0, ®)
e't (D§+w})x11 =—2DoDyx10—24t1 Dox1o—a1 X3

2
— 02X])—03X10X20+X10

N
X ZFj cos jQt—G1(Dox10), (9)
j=1
(D%—}—w%)le = —2D0D1)C20—2/A2D0x20_,31x%0
N
- ﬂzx%0+xzo Z Pj cos jSt
Jj=1
— G2(Dox20). (10)

The solutions of Egs. (7) and (8) can be written in
the form

x10(To, T1) = A10(Th) exp(iw1 To) + cc, (11)

oL fyl_llsl

12)

where A1 and Ao are complex functions in 77 and cc
denotes the complex conjugate functions. Substituting
Egs. (11) and (12) into Egs. (9) and (10), we get
(D§+w)xi1 ==2io1[(D1A19) exp(io To)]

— 2wy pui[Arg explio) To)|—ai[ Ay exp(Biow1 To)

+ 3A10A10 exp(iw1Tp)]— Olz[A 10 €xp(2iw Tp)

+ A1pA1o]—a3[A19Ax expi(wi+w2)To

+ A10A_20€Xpi(w1 — w2)To]

A
210 ZF expi(w+j2)To

j=1
—iw1G1A9exp(iw1Ty)+cc, (13)
(D§+w3)x21 =—2iw[(D1Az) exp(ian Tp)]
— 2iawp u2[(Az0) exp(iwzTo)]— B [A%jo exp(3iwyTp)
+3A3)Aa0 exp(iwaTo)]— Bal A3y exp(2iwa To)

N
— A . .
+ Az Axnl+—= D Pjexpi(in+j2)Ty
j=1
—iwyGarAyexp(iwyTo)+cc. (14)
Eliminating the secular terms of Eqgs. (13) and (14)

to get bounded solutions, then the general solution of
the resulting equations obtained as

. (23] 3 .
x11=A11 exp (lw1T0)+—2 [Aoexp Biwi To)]
w7y
+ 2 [A QionT, )] @3
exp(Liwi Ty —_—_
307 LO10SP o} — (w1 +2)?)

o3
AjpAxy expi(wr+w)Ty| ——F———-
< ] (@ 2—(601—602)2)
—_— . 0
x [A10A20 expi(wi —w2)To] TZ
j=1

s e T e

5)

. B1 .
x21=A2] exp (za)zTO)—i—@ [A3) exp BiwaTo)]

2
3

A
+ ﬂ—zz [A3) expQimnTo) |+ 2> >
3w; 2 =1
1
X Pi— | ] + Q)T +cc.
e ——es [exp(i @2+ )To)]
(16)

From Egs. (3) and (4), the deduced resonance cases
are:

(1) Primary resonance: Q = w,, n = 1,2
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(i1) Sub-harmonic resonance: Q2 = 2w,, n = 1,2
(iii) Super-harmonic resonance: 2 = %a),,, n=1,2
(iv) Internal resonance: wr) = rwy, r = 1, 2
(iiv) Simultaneous resonance: Any combination of the
above resonance cases is considered as simulta-
neous resonance.

3 Stability analysis

The stability of the controlled system is investigated
at the worst resonance case (confirmed numerically),
which is the simultaneous internal and super-harmonic
resonance case where wy = wy, 3Q2 = 2w;.

Using the resonance conditions @y = w) + €01 and
3Q = 2wy +¢e0p, then 3Q2 = 2w +2¢0] + €02, where
o1 and o, are called the detuning parameters. Elimi-
nating the secular terms from the first approximations
of Egs. (13) and (14), we get the following:

—2iw D1 A1g—2iw 1 Arg—3e1 AlgALo

AwF
—iw1G1A0+ 1073

expi(2o1+02)T1=0, (17)

—2iwy Dy Aso—2iwn A —3p1A3) A%

Ay P3

—iwyGr A+ exp(ioxT1)=0. (18)
Using the polar form
1
Ay = Ean exp(iyn), n=1,2, (19)

where a1 7 and y 2 are the steady-state amplitudes and
phases of the motions, respectively. Substituting from
Eq. (19) into Egs. (17) and (18) and equating imaginary
and real parts, we obtain

, 1 F3 .
a; = —piay — EGlal + Eal sin 0y, (20)
1 a1 4 Jak!
56119{ = _8_a)1a1 + Hal COS@], (21)
, 1 Ps .
ay = —poay — §G2a2 + Eaz sin 6, 22)
1 1 381 5 P3
—arf) = — - — 6>, 23
7020 = 3000 = ¢ a3 + Tay 20802 (23)

where 01 = 01711 + 0211 — 2y and 6> = 0211 — 2y,
then 0] = 01 + 02 — 2y{ and 0) = op — 2y;.

For steady-state solutions, we puta, =y, =0, n =
1, 2 and the periodic solution at the fixed points corre-
sponding to Egs. (20)—(23) is given by

@ Springer

1 P

—u1 — =G+ —sinf; =0 24)
2 4wy

1 a1 5 F3

E(Ul +o02) — %al + E cosf =0, (25)
1 Py

—p2 — =Gr + ——ssinbr, = (26)
2 4wy

1 31 » B3

Coy = Pl 3 s, =0, 27

2727 8y 2 T g, S5 @7

From Egs. (24)-(27), we have the following cases: (i)
ap 0, ap = 0, (ii)) ap # 0, a; = 0, and (iii)
a1 #0, a» #0.

For the practical (general) case (a1 # 0, ay # 0),
Squaring Egs. (24) and (25), then adding the squared
results together, similar to Egs. (26) and (27) gives the
following frequency response equations:

3a
012—1— |:202 — ﬁa%]ol +[4M%+G%+4,u,1G1 +022
1

1
2 2|
16(1)% —2—0)10'2d1 —m}g ] —0, (28)

3
o} + [ —~ %a%]az + [443 + G} + 42 G2
2

91312 4 1 2
+—Laf - —P?|=0. 29
1602 > 40} > 9

To determine the stability of the fixed point solutions
of Egs. (24)—(27), we introduce the following forms:

1 , .
Ano = E(p” —igy)explio,T1), n=1,2, (30)

where pi1 2, g1,2 are real coefficients. The linearized
form of Egs. (17) and (18) are written as the following:

—Zia)lA/lo —2iw 1A —iw1G1Ag

AF
+ 21073 expi(201 + 02)T = 0, G1)
—2i6z)2A/20 — 2iwauaArg — iwrGr Ay
AP
+ 22953 expi(o2)T) = 0. (32)

Substituting from Eq. (30) into Egs. (31) and (32) and
equating the imaginary and real parts of Egs. (31) and
(32), we have

p1+ (w1 +G1/2)p1 + (o1)g1 =0, (33)
g1 + (—o)p1 + (u1 + G1/2)q1 =0, (34)
Py + (n2+ G2/2)pr + (02)q2 = 0, (35)
gy + (—02)p2 + (2 + G2/2)q2 = 0. (36)
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X1-amplitude
X2-amplitude

o 100 200 300 400 o 100 200 300 400
Time Time

Fig. 1 Non-resonant time response solution at selected values: 1 = 0.5, u2 = 0.6, 1 =24, 00 =35, 03 = 1.0, 81 =14, =
35,w1 =124, 0 =152,2=323,Fi =P =14,F, =P, =1.5,and F3 = P =2.25

Table 1 Summary of the

Resonance cases With controller Without controller Figure no.
worst resonance cases
% X1 % X2 YoX 1 %0 X2
Non-resonant 100 100 - - 1
w1 #F wy #
Qp # €
Primary resonance 110 80 30, E, =34 20, E, =15
Q= w
Sub-harmonic resonance 90 115 20, E, =10 30, E, =38
Q=2w
Internal resonance 110 110 35, E, =40 40, E, =45
w] = wy
Simultaneous primary 180 200 10, E, = 100 5, E, =200 2
resonance w; = wi,
3Q = 2w
The stability of a particular fixed point with respect 1 1
1y O PATHOTAT TFec POT Wit Fesp + 3G 1+ 5 (12Gi+11G3) +7 (GG
to a proportional to exp(AT7) is determined by zeros of 2 4
the characteristic equation: + G%G1)+2M1MZ(G1 +G2)+G1Ga(p1+u12)
(A +pu1+ 3G (o)) 0 0
—(o1) (A+pui+4G) 0 0 -0
1 =0. 37)
0 0 A+ pu2+5;G2) (02)
0 0 —(02) O+ 12+ 5G2)
2 2
To analyze the stability of the non-trivial solution, +Gioy +Garoy,
; 1
one uses Eq. (37) to obtain ry = M%M%‘i‘Z(M%G%+M%G%+M2G%G2+MIG%GI
4 3 2 _
A+ A+ A"+ i+ =0, (38) +G%022+G%012)+M%M2G2+M%H1G1
2.2 22 2 2
where + oy +us07 +u1Groy +u2Gooj

+ 11 112G1G2+(G1G3/16)+oi 3.
r1 = 2(u1+u2)+G1+Ga, 12 172

2,2, 2, 2
ry = pi+uytoi oy + Gt Gatdp i According to the Routh—-Hurwitz criterion, the initial
+2M1G2+2M2G1+G1G2+E(G%+G%), .equilibriL}m solution (.p]’ q. p2, q2) = (0, 0, 0, 0)
4 is stable if the following conditions: r; > 0, rjro —r3
r3 = 2(#%#24—#%#1+/L2(712+M1(722)+M%Gz > 0, r3(r1r2—r3)—r12r4 >0, and r4 > 0 are satis-
@ Springer
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Time

(b)

Fig. 2 Simultaneous internal and super-harmonic resonance case, w, = w; and 3Q2 = 2w,. a System without controller. b System

with negative linear velocity feedback controller

fied, while these conditions are not satisfied, the initial
equilibrium solution is unstable and bifurcations may
occur.

4 Results and discussion

The Rung—Kutta fourth-order method has been applied
to determine the numerical solution of the given system.
Figure 1 shows the non-resonant system behavior. It
can be seen that the maximum steady-state amplitude
of x1 and x; are about 65 and 60 % of excitation forces
F1 and P, respectively, this case can be regarded as a
basic case.

4.1 Resonance cases

Table 1 shows the results of some of the worst res-
onance conditions. It describes the effect of the dif-
ferent worst resonance cases of the system before and
after controller. The worst resonance case of the system
is the simultaneous internal and super-harmonic reso-
nance case where wy = wj and 3Q2 = 2w;. Figure 2

@ Springer

shows the worst resonance case behavior of the system
without controller and with controller. We recognized
that the amplitudes of the worst resonance of the sys-
tem eliminate the vibration. In this table, we applied
active control (negative linear velocity feedback) to
all resonance cases and we found that the amplitudes
of the system are eliminated. The effectiveness of the
controller is determined from the relation (E, = steady-
state amplitude of the system before controller/steady-
state amplitude of the system after controller), as shown
in Table 1.

4.2 Effects of different parameters

The frequency response equations (28) and (29) are
nonlinear algebraic equations of a; against o7 and
ap against 0. These equations solved numerically as
shown in Figs. 3 and 4. Some of these figures are bent
to the right and the others bent to the left. This bending
leads to multi-valued solutions and jump phenomenon.
We discuss the practical case, a; # 0 and ay # 0
as the following: Fig. 3, shows that the steady-state
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Fig. 3 Theoretical

frequency response curves
nr =050 =24, 0 =
0.34, F3 = 2.25, and

G =14

amplitude a; of the system is monotonic increasing to
the linear natural frequency of roll mode wi, the exci-
tation coefficient of first mode F3 and decreasing in
the nonlinear parameter «, the linear damping coef-
ficient 1, and the gain Gp. Also, for the nonlinear
parameter «; > 0 the steady-state amplitude a; is
shifted to the right indicating hardening-type nonlin-
earity, but for «; < 0 the steady-state amplitude a; is
shifted to the left indicating softening-type nonlinear-
ity. Furthermore, the steady-state amplitude a» of the

system is monotonic increasing to the linear natural fre-
quency of pitch mode w;, the excitation coefficient of
second mode P3 and decreasing in the nonlinear para-
meter 81, the linear damping coefficient o, and the
gain G. Also, for the nonlinear parameter §; > 0 the
steady-state amplitude a; is shifted to the right indi-
cating hardening-type nonlinearity, but for §; < 0
the steady-state amplitude a, is shifted to the left
indicating softening-type nonlinearity as appeared in
Fig. 4.
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Fig. 4 Theoretical

frequency response curves
n2 =006, =140 =
0.28, P; = 2.25, and

G, =1.75

4.3 Vibration control

Figure 5 shows the effects of the gains on the modes
of the system at the simultaneous internal and super-
harmonic resonance case where wy = wp and 3Q2 =
2wy We found that the amplitudes of the system are
monotonic decreasing functions of the gains G and

@ Springer

G»,. The saturation occurs when G| > 0.9 for the mode
amplitude x; and G| > 0.15 for the mode amplitude
x2, G2 > 0.6 for the mode amplitude x; and G, > 0.3
for the mode amplitude x,. From all the results, we have
a threshold value for the damping coefficients of the
worst case of the system. The threshold value occurs at
0.65 for two amplitudes x; and x; as regarded in Fig. 6.
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Fig. 5 Effects of the gains
1.8 2
1.6 1.8 4
1.4 1 1.6
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Xy X2
08 0.8
0.6 06 |
0.4 4 0.4 -
0.2 - 0.2 4
0 T T v T 0 T
0 0.2 04 06 038 1 0 02 04 06 0.8 1
H H:

Fig. 6 Threshold values of damping coefficients at the worst resonance case of the system

4.4 Comparison with available published work

In comparison with the previous work [14] controlled
the vibration of a cantilever beam subjected to primary
and sub-harmonic resonance using cubic velocity feed-
back. While in Ref. [21] introduced a control law based
on cubic velocity feedback of the first mode of a can-
tilever beam with a second-order nonlinear ordinary

differential equation subjected to a principal paramet-
ric excitation.

However, in this paper, the new is controlling the
nonlinear two-degree-of-freedom model of a dynam-
ical system, having quadratic coupling, quadratic,
and cubic nonlinearities, subjected to multi-parametric
excitation forces via a negative feedback velocity. This
controller is the best one for the worst resonance
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case as it reduces the vibration dramatically. Multi-
ple time scale perturbation method is useful to deter-
mine approximate solutions for the coupled differen-
tial equations describing the system up to second-order
approximation.

5 Conclusions

The vibrations of a two—degree-of-freedom nonlin-
ear differential equations having quadratic coupling,
quadratic, and cubic nonlinearities, subjected to multi-
parametric excitation forces controlled via a negative
feedback velocity. Multiple time scale perturbation
method is useful to determine approximate solutions
for the coupled differential equations describing the
system up to second-order approximation. The stabil-
ity of the system is considered by both the frequency
response equations and the phase-plane technique. The
effects of the different parameters of the system are
studied numerically. From the above study, the follow-
ing may be concluded:

1. The worst resonance case of the system is the
simultaneous internal and super-harmonic reso-
nance case where wy = wj and 3Q2 = 2w».

2. Negative linear velocity feedback active controller
is the best one for the worst resonance case as it
reduces the vibration dramatically.

3. The effectiveness of the controller at the reported
worst resonance case are about £, = 100 for the
mode amplitude x; and E, = 200 for the mode
amplitude x,, respectively.

4. The steady-state amplitudes of both modes are
monotonic increasing functions in the linear nat-
ural frequencies w1, ws, the excitation coefficient
modes F3, P3, respectively, decreasing in the non-
linear parameters «, f1, the linear damping coef-
ficients (1, 12, and the gains G, G».

5. Also, for the nonlinear parameters «1, f; > 0
steady-state amplitudes of both modes are shifted
to the right indicating hardening-type nonlinearity,
but for a1, 1 < 0 steady-state amplitudes of both
modes are shifted to the left indicating softening-
type nonlinearity.

6. The saturation occurs when G| > 0.9 for the mode
amplitude x; and G > 0.15 for the mode ampli-
tude x2, G» > 0.6 for the mode amplitude x; and
G, > 0.3 for the mode amplitude x;.

@ Springer

7. The threshold value for the damping coefficients of
the worst case of the system occurs at 0.65.
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